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Selmer groups associated with elliptic curves

The p-primary torsion group E [p∞] ⊂ E (Q̄) admits an action of the
absolute Galois group Gal(Q̄/Q).
For each number field extension F of Q, the Selmer group
Selp∞(E/F ) consists of Galois cohomology classes

f ∈ H1(Gal
(
Q̄/F

)
,E [p∞])

satisfying suitable local conditions.
It fits into a short exact sequence

0→ E (F )⊗Qp/Zp → Selp∞(E/F )→X(E/F )[p∞]→ 0.
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The Cyclotomic Zp-extension

Let p be a fixed prime number.
For n ∈ Z≥1, let Qn be the subfield of Q(µpn+1) such that
Gal(Qn/Q) ≃ Z/pn as depicted

Q.

Qn

Q(µpn+1)
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The tower of number fields Q ⊆ Q1 ⊆ Q2 ⊆ · · · ⊆ Qn ⊆ . . . is called
the cyclotomic tower.
The field Qcyc is taken to be the union

Qcyc :=
⋃
n≥1

Qn.

The Galois group Γ := Gal(Qcyc/Q) is isomorphic to Zp.
The Selmer group over Qcyc is taken to be the limit

Selp∞(E/Qcyc) := lim−→
n→∞

Selp∞(E/Qn).
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Congruent modular forms

Let

g1 =
∞∑
n=1

a(n, g1)q
n and g2 =

∞∑
n=1

a(n, g2)q
n

be p-ordinary normalized Hecke newforms of level M1 and M2 and p a
prime number.
Let L be the number field generated by the Fourier coefficients of g1
and g2 and p a prime of OL above p.
We say that g1 and g2 are p-congruent if

a(n, g1) ≡ a(n, g2) mod p

for all n coprime to M1M2p.
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Let O denote the completion of OL at p and K its fraction field.
Let ρi ,K : Gal(Q̄/Q)→ GL2(K ) a Galois representation associated
with gi and Vi ≃ K ⊕ K the underlying vector space.
Choose a Galois stable O-lattice Ti ⊂ Vi and let

ρ̄i : Gal(Q̄/Q)→ GL2(O/p)

be the residual representation.
The forms are p-congruent when ρ̄ss1 ≃ ρ̄ss2 .
Assume throughout that ρ̄i is absolutely irreducible for i = 1, 2, and
thus the residual representations are isomorphic.

Anwesh Ray (UBC) I.T and congruences for the Sym2 December 6, 2021 7 / 22



Let O denote the completion of OL at p and K its fraction field.

Let ρi ,K : Gal(Q̄/Q)→ GL2(K ) a Galois representation associated
with gi and Vi ≃ K ⊕ K the underlying vector space.
Choose a Galois stable O-lattice Ti ⊂ Vi and let

ρ̄i : Gal(Q̄/Q)→ GL2(O/p)

be the residual representation.
The forms are p-congruent when ρ̄ss1 ≃ ρ̄ss2 .
Assume throughout that ρ̄i is absolutely irreducible for i = 1, 2, and
thus the residual representations are isomorphic.

Anwesh Ray (UBC) I.T and congruences for the Sym2 December 6, 2021 7 / 22



Let O denote the completion of OL at p and K its fraction field.
Let ρi ,K : Gal(Q̄/Q)→ GL2(K ) a Galois representation associated
with gi and Vi ≃ K ⊕ K the underlying vector space.

Choose a Galois stable O-lattice Ti ⊂ Vi and let

ρ̄i : Gal(Q̄/Q)→ GL2(O/p)

be the residual representation.
The forms are p-congruent when ρ̄ss1 ≃ ρ̄ss2 .
Assume throughout that ρ̄i is absolutely irreducible for i = 1, 2, and
thus the residual representations are isomorphic.

Anwesh Ray (UBC) I.T and congruences for the Sym2 December 6, 2021 7 / 22



Let O denote the completion of OL at p and K its fraction field.
Let ρi ,K : Gal(Q̄/Q)→ GL2(K ) a Galois representation associated
with gi and Vi ≃ K ⊕ K the underlying vector space.
Choose a Galois stable O-lattice Ti ⊂ Vi and let

ρ̄i : Gal(Q̄/Q)→ GL2(O/p)

be the residual representation.

The forms are p-congruent when ρ̄ss1 ≃ ρ̄ss2 .
Assume throughout that ρ̄i is absolutely irreducible for i = 1, 2, and
thus the residual representations are isomorphic.

Anwesh Ray (UBC) I.T and congruences for the Sym2 December 6, 2021 7 / 22



Let O denote the completion of OL at p and K its fraction field.
Let ρi ,K : Gal(Q̄/Q)→ GL2(K ) a Galois representation associated
with gi and Vi ≃ K ⊕ K the underlying vector space.
Choose a Galois stable O-lattice Ti ⊂ Vi and let

ρ̄i : Gal(Q̄/Q)→ GL2(O/p)

be the residual representation.
The forms are p-congruent when ρ̄ss1 ≃ ρ̄ss2 .

Assume throughout that ρ̄i is absolutely irreducible for i = 1, 2, and
thus the residual representations are isomorphic.

Anwesh Ray (UBC) I.T and congruences for the Sym2 December 6, 2021 7 / 22



Let O denote the completion of OL at p and K its fraction field.
Let ρi ,K : Gal(Q̄/Q)→ GL2(K ) a Galois representation associated
with gi and Vi ≃ K ⊕ K the underlying vector space.
Choose a Galois stable O-lattice Ti ⊂ Vi and let

ρ̄i : Gal(Q̄/Q)→ GL2(O/p)

be the residual representation.
The forms are p-congruent when ρ̄ss1 ≃ ρ̄ss2 .
Assume throughout that ρ̄i is absolutely irreducible for i = 1, 2, and
thus the residual representations are isomorphic.

Anwesh Ray (UBC) I.T and congruences for the Sym2 December 6, 2021 7 / 22



The symmetric square of a modular form

Let ri = sym2(ρi ) : Gal(Q̄/Q)→ GL3(O) be the symmetric square
representation, note that r̄1 ≃ r̄2.
Let Ti be the underlying Galois stable O-lattice, on which Gal(Q̄/Q)
acts via ri and Ai := Ti ⊗Qp/Zp the associated p-divisible groups.
Let Σ be the set of primes dividing M1M2p, and QΣ ⊂ Q̄ the maximal
extension of Q unramified at all primes ℓ /∈ Σ.
The p-primary Selmer group Sel(Ai/Qcyc) is defined as the kernel of
the following restriction map

H1(QΣ/Qcyc,Ai )→
⊕
ℓ∈Σ
Hℓ(Ai/Qcyc).
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Iwasawa invariants

The Iwasawa algebra Λ is defined as the following inverse limit
Λ := lim←−n

Zp[Gal(Qn/Q)], and is isomorphic to the formal power series
ring Zp[[T ]].
Loeffler and Zerbes showed that the Selmer group Sel(Ai/Qcyc) is a
cotorsion Λ-module.
Let M be a cofinitely generated, cotorsion Zp[[T ]]-module and M∨ its
Pontryagin-dual.
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By the structure theory of Zp[[T ]] modules, up to a
pseudoisomorphism, M∨ decomposes into cyclic-modules:⊕

j

Zp[[T ]]/(pµj )

⊕
⊕

j

Zp[[T ]]/(fj(T ))

 .

Set µ(M) =
∑
µj and λ(M) =

∑
deg fj .

The characteristic element is the product charM := pµ ×
∏

fj .

Conjecture (Iwasawa main conjecture)
Let f be a p-ordinary Hecke eigencuspform of weight k ≥ 2,

char(Selp∞(Af /Qcyc)) = U(T ) · Lp(Sym2(f ),T ),

for some unit U(T ) ∈ Λ×.
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Algebraic & analytic µ and λ-invariants

For i = 1, 2, let µalgi and λalgi be the Iwasawa-invariants of
Selp∞(Ai/Qcyc).
For i = 1, 2, let µani and λani be the Iwasawa-invariants of
Lp(Sym

2(gi ),T ). In other words,

Lp(Sym
2(gi ),T ) = pµa(T )u(T ),

where µ = µani , a(T ) is a distinguished polynomial of degree λani and
u(T ) is a unit in Λ.
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Main result

Theorem (R, R. Sujatha, V. Vatsal)
Let g1 and g2 be non-CM, p-ordinary, p-congruent newcuspforms of weight
k ≥ 2 and trivial nebentype character. Let Mi be the level of gi and Σ0 be
the set of primes ℓ ̸= p such that ℓ|M1M2. Assume that
p > max{k − 2, 3}. Then, for ∗ ∈ {alg, an}, we have that
µ∗1 = 0⇔ µ∗2 = 0. Furthermore, if µ∗1 = 0 (or equivalently, µ∗2 = 0), then,

λ∗1 − λ∗2 =
∑
ℓ∈Σ0

(
σ
(ℓ)
2 − σ

(ℓ)
1

)
.

In the case when 5 ≤ p ≤ k − 2, the result is conditional, provided a
certain version of Ihara’s lemma holds.
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Imprimitive Selmer groups

The imprimitive Selmer group SelΣ0(Ai/Qcyc) is the kernel of the map

H1(QΣ/Qcyc,Ai )→ Hp(Ai/Qcyc).

These Selmer groups fit into a short exact sequence

0→ Sel(Ai/Qcyc)→ SelΣ0(Ai/Qcyc)→
⊕
ℓ∈Σ0

Hℓ(Ai/Qcyc)→ 0.

Let σ(ℓ)i be the Zp-corank of Hℓ(Ai/Qcyc), we find that

λalgi = λalg,Σ0
i −

∑
ℓ∈Σ0

σ
(ℓ)
i .

The imprimitive λ-invariants are equal λalg,Σ0
1 = λalg,Σ0

2 . This
translates into the following relationship between primitive λ-invariants

λalg1 − λ
alg
2 =

∑
ℓ∈Σ0

(
σ
(ℓ)
2 − σ

(ℓ)
1

)
.

Anwesh Ray (UBC) I.T and congruences for the Sym2 December 6, 2021 13 / 22



Imprimitive Selmer groups

The imprimitive Selmer group SelΣ0(Ai/Qcyc) is the kernel of the map

H1(QΣ/Qcyc,Ai )→ Hp(Ai/Qcyc).

These Selmer groups fit into a short exact sequence

0→ Sel(Ai/Qcyc)→ SelΣ0(Ai/Qcyc)→
⊕
ℓ∈Σ0

Hℓ(Ai/Qcyc)→ 0.

Let σ(ℓ)i be the Zp-corank of Hℓ(Ai/Qcyc), we find that

λalgi = λalg,Σ0
i −

∑
ℓ∈Σ0

σ
(ℓ)
i .

The imprimitive λ-invariants are equal λalg,Σ0
1 = λalg,Σ0

2 . This
translates into the following relationship between primitive λ-invariants

λalg1 − λ
alg
2 =

∑
ℓ∈Σ0

(
σ
(ℓ)
2 − σ

(ℓ)
1

)
.
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The analytic pairing

The Petersson product of modular forms f1, f2 of weight k on Γ0(M)
(at least one of which is cuspidal) to be as follows:

⟨f1, f2⟩M =

∫
B(M)

f1(z)f2(z)y
k−2dxdy

and the integral is taken over a fundamental domain B(M) for Γ0(M).
We define a modified Petersson product by setting

{v ,w}N = ⟨v ,w c |WN⟩N .

One sees from the definition that {·, ·} is C-linear in both variables,
and that it satisfies {v |t,w}N = {v ,w |t}N , for any Hecke operator t.
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p-adic L-functions

Let g = gi , the L-function L(s, g) =
∑

a(n, g)n−s of g has the formal
Euler product expansion

L(s, g) =

(∏
ℓ

(1− αℓq
−s)(1− βℓq−s)

)−1

.

Let Σ be the set of primes dividing M1M2.
Let f = fi be the modular form

f (z) :=
∑

(n,Σ)=1

a(n, g)qn.

The naive symmetric square L-function is as follows:

Df (χ, s)

=

∏
ℓ∤N

(1− χ(ℓ)αℓβℓq
−s)(1− χ(ℓ)β2

ℓ q
−s)(1− χ(ℓ)α2

ℓq
−s)

−1

.
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Define θχ(z) =
∑

j χ(j) exp(2πij
2z), which is a modular form of

weight 1/2 and level 4c2
χ.

It turns out that θχ(z)Φ(z , χ, s) is a (non-holomorphic) modular form
of weight k , trivial character, and level Nχ := lcm(N, c2

χ).
The following formula is due to Shimura

(4π)−s/2Γ(s/2)Df (χ, s) = ⟨f , θχ(z)Φ(z , χ, s)⟩Nχ .

For an odd integer n in the range 1 ≤ n ≤ k − 1, set
Hχ(n) := θχ(z)Φ(z , χ, n). Sturm has shown that Hχ(n) is a nearly
holomorphic modular form of level Nχ, weight k , and trivial character.
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The algebraic inner product

Let T denote the ring generated by the Hecke operators Tℓ,Uq,Up

acting on Sk(N,O).
Then the eigenform f determines a ring homomorphism T→ O,
sending a Hecke-operator T ∈ T to the T -eigenvalue of f . Set P to
denote the kernel of this homorphism. There is a unique maximal ideal
m of T that contains P and the maximal ideal of O.
There is a canonical duality of Tm-modules between Sk(N,O)m and
Tm defined by the form Sk(N,O)m × Tm → O mapping
(s, t) 7→ a(1, s|t) ∈ O.
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Since Tm is Gorenstein, there is an isomorphism of Tm-modules

ι : Tm
∼−→ HomO (Tm,O)

∼−→ Sk(N,O).

Define an algebraic pairing (·, ·)

(·, ·)N : Sk(N,O)× Sk(N,O)→ O

by (v ,w) := a
(
1, v|ι(w)

)
.

Define the period of f at level N as ΩN = {f ,f }N
(f ,f )N

.

In order to relate the p-adic L-function of f to the imprimitive p-adic
L-function associated to g , we show that ΩN = uΩM for a unit u ∈ O.
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Recall that Hχ(n) = θχ(z)Φ(z , χ, n).
Set

H̃χ(n) =
Γ((n + 1)/2)
π(1+n)/2 pmχ(3−2k+2n)/2 ·

√
Cpmχ

G (χ)
· Hχ(n) ◦WNχ ,

it follows from results of Schmidt that H̃χ(n) has p-integral Fourier
coefficients.

Proposition
Let e denote Hida’s ordinary projection operator, acting on S(N,O)⊗Q.
Then eH̃χ(n)

hol has p-integral Fourier coefficients.
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Congruences between L-functions

Write χ = ψη, where ψ has conductor prime to p and η has p-power
conductor.
Putting everything together, we have that

(f , eH̃χ(n)
hol)N =

(
pn−1

ψ(p)α2
p

)mχ

· Γ(n) · G (η̄) · Df (χ, n)

πnΩ
.

The functional Sk(N,O)→ O given by (·, eH̃χ(n)
hol)N is O-linear and

continuous.
Therefore, if f1 and f2 are p-congruent, it follows that

(f1, eH̃χ(n)
hol)N ≡ (f2, eH̃χ(n)

hol)N mod p.
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We obtain the congruence(
pn−1

ψ(p)α2
p

)mχ

· Γ(n) · G (η̄) · Df1(χ, n)

πnΩ

≡u
(

pn−1

ψ(p)α2
p

)mχ

· Γ(n) · G (η̄) · Df2(χ, n)

πnΩ
mod p.

Corollary

We have Lp(Sym
2(f1)⊗ ψ) ≡ uLp(Sym

2(f2)⊗ ψ) (mod p), where u is a
p-adic unit the congruence is that of elements in the completed group
algebra O[[Z×

p ]]].
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Thank you!
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