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1. Introduction
I’m interested in algebraic number theory and arithmetic geometry. My primary research interest is in Iwasawa theory, Galois representations and L-functions. I use techniques in Galois cohomology, algebraic number theory, algebraic geometry and analytic
number theory. Recently, I have studied questions at the intersection of arithmetic statistics and Iwasawa theory. Some of my research is significantly informed by computation.
As a secondary interest, I also study questions in arithmetic geometry.
1.1. Summary of research interests. Below is a summary of my research. Many of
the projects are joint with my coauthors and attributions are made at various points in
this article, where the works are described in greater detail.
(1) Iwasawa theory: I study the structure of Galois modules that arise from geometry. These modules are defined by Galois cohomology classes satisfying local
conditions and they provide key insights into the arithmetic of elliptic curves and
abelian varieties. My research in the subject is categorized as follows.
• Iwasawa theory and congruences: If g1 and g2 are modular forms whose
Fourier coefficients satisfy congruence modulo a prime, there is an explicit
relationship between Iwasawa theoretic invariants associated with g1 and
those associated with g2 . We prove new cases of such congruence relations,
see the results in section 3.
• Arithmetic statistics and Iwasawa theory of elliptic curves: In the context of
arithmetic statistics, we formulated a setting in which it is possible to study
the average behavior of Iwasawa theoretic invariants for elliptic curves. The
motivation is to study the variation of Iwasawa invariants for elliptic curves
that are ordered by height, see the results in section 4. This approach has
now been extended to prove statistical results in noncommutative Iwasawa
theory.
• Diophantine stability: Ideas in Iwasawa theory are used to study the growth
and stability of the Mordell–Weil group and Tate–Shafarevich group in pcyclic extensions. We study questions in arithmetic statistics that arise in
this context, the relevant discussion is in section 5.
• Constructing Galois representations with prescribed Iwasawa invariants: We
introduce techniques from deformation theory to construct Galois representations with prescribed Iwasawa invariants, the results are outlined in section
6.
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• Growth questions in Iwasawa theory: I study the growth of the rank of elliptic
curves in various towers of number fields. I also study the growth of the set
of rational points of curves of genus > 1 in such towers. The results are
summarized in section 7.
• Iwasawa theory (miscellaneous results): Some miscellaneous results are summarized in section 8.
(2) Galois representations: I explore questions related to the study of Galois representations arising from geometry. The deformation theory of Galois representations
plays a significant role in my research. My research on this topic is summarized
as follows:
• Serre’s Conjecture- Refinements and Generalizations: I construct lifts of
certain mod-p Galois representations to characteristic zero Galois representations that satisfy the conditions of Fontaine and Mazur. These results
are motivated by a celebrated conjecture of Serre for 2-dimensional Galois
representations. The results are summarized in section 10.
• Constructing Galois representations with special properties: The deformation
theoretic techniques are used to construct Galois representations with special
properties. The reader is referred to the discussion in section 11.
• Arithmetic statistics for Galois deformation rings: The study of Galois deformation rings are very significant in showing that a given Galois representation arises from a modular form. Fixing a prime p, we may associate a
Galois deformation ring naturally to each elliptic curve E/Q . We formulate
a question in arithmetic statistics concerning the variation of the algebraic
structure of deformation rings, as E/Q varies over a certain set of elliptic
curves ordered by height, see section 12.
(3) Arithmetic geometry results: My results in arithmetic geometry are summarized
in section 13.
(4) Computational aspect of my work: My research is significantly informed by computation. This is explained in section 14.
2. Iwasawa theory: Overview and notation
Given an elliptic curve E over a number field K, and a prime number p, the p-primary
Selmer group Selp∞ (E/K) is a subgroup of the Galois cohomology group H 1 (Gal(K̄/K), E[p∞ ])
defined by certain explicit local conditions. This Selmer group sits in a short exact sequence
0 → E(K) ⊗ Qp /Zp → Selp∞ (E/K) → X(E/K)[p∞ ] → 0.
Here, X(E/K) is the Tate-Shafarevich group, which is conjectured to always be finite.
Thus, the Selmer group captures important arithmetic information. The main idea behind Iwasawa theory is that the Selmer group over an infinite Galois extension may be
systematically studied via cohomological and Galois theoretic methods. The main conjecture in Iwasawa theory predicts that the Selmer group is intimately related to a p-adic
analogue of an L-function. Under additional conditions, this conjecture has been resolved
by Skinner and Urban [SU14].
We introduce some notation. Throughout this discussion, the prime p is fixed. Let
K(µp∞ ) be the infinite Galois extension of K generated by p-power roots of unity µp∞ =
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Let Kn be the extension of K contained in K(µp∞ ) such that [Kn : K] = pn .
The tower of number fields K = K0 ⊂ K1 ⊂ K2 ⊂ · · · ⊂ Kn ⊂ . . . , is called the
cyclotomic tower and Kn is the n-th layer. The Galois extension
[
Kn
Kcyc :=
S

m≥1 µpm .

n≥1

is a Zp -extension, i.e., the Galois group ΓK := Gal(Kcyc /K) is isomorphic to Zp , the ring
of p-adic integers. The Iwasawa algebra Λ is the completed group algebra
Λ := lim Zp [Gal(Kn /K)]
←−
n

and is isomorphic to the formal power series ring Zp JT K.
The Selmer group over Kcyc is taken to be the direct limit
M := Selp∞ (E/Kcyc ) = lim Selp∞ (E/Kn )
−→
n

with respect to natural restriction maps, and its Pontryagin dual M ∨ := Homcts (M, Qp /Zp )
is a finitely generated Λ-module. When E is an elliptic curve defined over Q and K/Q
is an abelian extension, M ∨ is also torsion as a Λ-module. This is a result of Kato
and Rubin. For the rest of this discussion, we assume that M ∨ is torsion over Λ. It
follows from the structure theory of finitely generated and torsion Λ-modules that M ∨
is pseudo-isomorphic to a finite direct sum of cyclic Λ-modules, i.e., there is a map of
Λ-modules

 

s
t
M
M
M ∨ −→ 
Λ/(pµi ) ⊕ 
Λ/(fj (T ))
i=1

j=1

with finite kernel and cokernel. Here, µi > 0 and fj (T ) is a distinguished polynomial
(i.e., a monic polynomial with non-leading coefficients divisible by p). The characteristic
ideal of M ∨ is (up to a unit) generated by
P
Y
(p)
fM (T ) = fM (T ) := p i µi
fj (T ).
j

The µ-invariant of M is defined as the power of p in fM (T ). More precisely,
(P
s
if s > 0
i=1 µi
µp (M ) :=
0
if s = 0.
The λ-invariant of M is the degree of the characteristic element, i.e.,
(P
s
if s > 0
i=1 deg fi
λp (M ) :=
0
if s = 0.
We shall set µp (E/Kcyc ) and λp (E/Kcyc ) to denote the µ and λ-invariants of the Selmer
group Selp∞ (E/Kcyc ) respectively.
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3. Iwasawa theory and congruences
Iwasawa theoretic invariants arising from modules associated to Galois representations
provide key insights into their arithmetic. Greenberg
and Vatsal [GV00]
P
P studied the nrole
n
of congruences in Iwasawa theory. Let g1 = n≥1 a(n, g1 )q and g2 = n≥1 a(n, g2 )q be
normalized newforms and p a prime number. Given a prime p above p in the number field
generated by the Fourier coefficients of g1 and g2 , we say that g1 and g2 are p-congruent
if
a(ℓ, g1 ) ≡ a(ℓ, g2 ) mod p
for all but finitely many primes ℓ. Given congruent modular forms g1 and g2 , Greenberg
and Vatsal showed that the Iwasawa invariants for g1 are related to the Iwasawa invariants
for g2 . Their results had consequences to the main conjecture of Iwasawa theory. Since
their seminal work, the study of the role of congruences in Iwasawa theory has gained
significant momentum. For instance, Emerton-Pollack-Weston [EPW06] studied the variation of Iwasawa invariants in congruent families of ordinary modular forms. Kriz and
Li [KL19] studied congruences for Heegner points and applied such results in studying
Goldfeld’s conjecture.
My work on the subject of congruences in Iwasawa theory may be summarized as
follows:
• Euler characteristics and congruences: In joint work with R. Sujatha [RS20,
RS21b], we study the generalized Euler characteristic in Iwasawa theory and
its behavior with respect to congruences. The results apply to elliptic curves of
arbitrary rank and semistable reduction over number fields. We prove congruence
relations for the p-adic Birch and Swinnerton-Dyer formulae for the leading terms
of p-adic L-functions.
• Iwasawa theory and congruences for the symmetric square of a modular form:
This is joint with R. Sujatha and V. Vatsal [RSV21]. It is natural to extend
results of Greenberg and Vatsal to pairs of Galois representations of higher rank.
These Galois representations will be assumed to be congruent in the sense that the
residual representations will be absolutely irreducible and isomorphic. On the one
hand, it is easy to extend results to the study of algebraic Iwasawa invariants.
However, there is significant work to be done on the analytic side, in proving
congruences for p-adic L-functions. In this paper, we prove such congruences for
the symmetric square representations associated to pairs of congruent p-ordinary
newforms.
We now describe these results in more detail.
3.1. Euler characteristics and congruences. Given an elliptic curve E over the rationals, the strong form of the Birch and Swinnerton-Dyer conjecture predicts an explicit
formula for the leading coefficient ar of the Hasse-Weil L-function
L(E, s) = ar (s − 1)r + ar+1 (s − 1)r+1 + . . . .
Assume that E has good ordinary reduction at a prime p. The p-adic L-function in
Iwasawa theory interpolates the values of the Hasse-Weil L-function divided by a transcendental number called the period. These values are algebraic and under suitable
conditions, the p-adic L-function Lp (E, T ) is a power-series in a formal variable T , with
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coefficients in Zp
Lp (E, T ) = br T r + br+1 T r+1 + . . . .
The generalized Euler characteristic in Iwasawa theory gives an explicit formula for the
leading term br (E, p). This formula is due to Perrin-Riou and Schneider.
Two elliptic curves E1 and E2 are said to be p-congruent if their associated modular
forms are p-congruent. Alternatively, they are p-congruent if the residual Galois representations on the p-torsion groups E1 [p] and E2 [p] are isomorphic up to semisimplification.
We assume that the residual representations are absolutely irreducible. In [RS20], we
show that if E1 and E2 are p-congruent of the same rank r, then there is explicit relation
between the Euler characteristics br (E1 , p) and br (E2 , p).
In subsequent work [RS21b], we extend the results in [RS20] to pairs of p-congruent
elliptic curves E1 and E2 defined over a number field F . We assume that these elliptic
curves have semistable reduction at all primes of F above p. In particular, we do consider
the case when the elliptic curves could have supersingular reduction at some primes above
p. This case is special since the Selmer groups associated to such elliptic curves are not
cotorsion over the Iwasawa algebra. We study the structure of multi-signed Selmer groups.
These Selmer groups generalize the signed Selmer groups introduced by Kobayashi in
[Kob03].
3.2. Iwasawa invariants of symmetric square representations. We now explain
the results in [RSV21], which is joint with R. Sujatha and V. Vatsal. We consider two
modular forms g1 and g2 that are p-congruent and study the Iwasawa theory of symmetric
square representations associated with g1 and g2 . Associated to the p-adic L-function of
an
Sym2 (gi ) are the analytic Iwasawa invariants µan
i and λi . We establish congruences
an
between p-adic L-functions and deduce that µ1 = 0 if and only if µan
2 = 0. Furthermore,
an
if these µ-invariants vanish, then, there is explicit formula for λ1 −λan
2 in terms of certain
explicit locally defined invariants. Similar results are proven for the algebraic µ and λinvariants µalg
and λalg
for the Selmer group of the symmetric square representations
i
i
alg
2
Sym (gi ). The main conjecture predicts that µalg
= µan
= λan
i and λi
i . We show that
i
if these relations are satisfied for g1 , then, they are satisfied for g2 as well.
Congruences between p-adic L-functions in this context are proven by exploiting a
formula of Shimura. The formula expresses special values for the L-function of the symmetric square of f in terms of the Petersson inner product of f with a certain nearly
holomorphic modular form. The Petersson inner product is related related to a certain
abstractly defined algebraic inner product defined by Hida after dividing by a certain
transcendental period. We show that the ordinary holomorphic projection of the nearly
holomorphic modular form has nice integral properties. With these preparations, it becomes possible to prove our results on congruences, since the algebraic inner product is
continuous and Zp -linear.
4. Arithmetic statistics and Iwasawa theory
Given an elliptic curve over a number field F , the Mordell–Weil theorem states that
the group of rational points E(F ) is finitely generated as an abelian group. In the special
case when F = Q, the torsion part of E(Q) is well understood, and a complete list of
torsion groups is enumerated by Mazur, see [Maz77]. On the other hand, the rank of
E(Q) is a mysterious quantity. When elliptic curves E/Q are ordered according to height,
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the rank distribution conjecture predicts that 50% of elliptic curves have Mordell–Weil
rank 0, 50% have rank 1 and 0% of them have rank ≥ 2. Unconditional results about
rank distribution are proven by Bhargava and Shankar [BS15a, BS15b, BS13], who study
the average size of certain Selmer groups of E over Q. For instance, it is shown that the
average size of the 5-Selmer group, as E is allowed to vary over all elliptic curves, is 6.
As a result, it is deduced that the average rank of elliptic curves is < 1.
4.1. Statistics for cyclotomic Iwasawa invariants. In [KR21a], which is joint with
D. Kundu, we study the average structure of the p-primary Selmer group Selp∞ (E/Qcyc )
as E varies over all elliptic curves. More precisely, we study the following questions.
(1) Given an elliptic curve E/Q , how do the Iwasawa invariants µp (E/Qcyc ) and
λp (E/Qcyc ) vary as p varies over all primes of good reduction.
(2) Given a prime p, how do the Iwasawa invariants µp (E/Qcyc ) and λp (E/Qcyc ) vary
as E varies over all elliptic curves over Q with respect to height.
Here, if E has good supersingular reduction at p, then, we consider the Iwasawa
invariants of Kobayashi’s signed Selmer groups. We provide answers to both questions,
however, it should be noted that the second question is of significant interest from the
perspective of arithmetic statistics, and has not been studied before.
We show that there is an explicit upper bound for the upper density of elliptic curves
of rank zero for which the Iwasawa invariants do not vanish. In greater detail, for x > 0,
let Zp (x) be the set of elliptic curves E/Q of rank 0 with good ordinary reduction at p
of height < x such that either µp (E/Qcyc ) ̸= 0 or λp (E/Qcyc ) ̸= 0. Let Ep (x) be the set
of all elliptic curves E/Q of height < x. Then, we show that there is an explicit upper
bound (depending on p) for
#Zp (x)
.
lim sup
x→∞ #Ep (x)
This upper bound assumes a heuristic of Delaunay [Del01], which states that the TateShafarevich group X(E/Q) is finite and the proportion of elliptic curves E/Q of rank
zero for which p divides the order of X(E/Q) is

∞ 
Y
1
1
1
1
d0 (p) := 1 −
1 − 2j−1 = + 3 − 4 + . . .
p
p p
p
j=1

The upper bound we obtain relies on the work of Cremona-Sadek [CS20] and Lenstra
[LJ87], and states that if p ≥ 5 is a prime, then, we have that
lim sup
x→∞

−1
#Zp (x)
< d0 (p) + (ζ(p) − 1) + Cp 2 log p (log log p)2 ,
#Ep (x)

where C is an explicit constant independent of p. The connection to the work of Lenstra
has been realized in subsequent work, see [Ray21f, Lemma 6.4] and [KLR21, Lemma 9.5].
This upper bound approaches 0 as p → ∞.
In subsequent work [KR21d], we show that for any integer N > 0, the proportion of
elliptic curves E/Q with λ-invariant ≥ N is positive. In greater detail, fix p ≥ 5 and
N ≥ 0. For x > 0, let EN (x) be the set of elliptic curves E/Q of height < x with good
ordinary reduction at p such that
µp (E/Qcyc ) + λp (E/Qcyc ) ≥ N.
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Let E(x) be the set of all elliptic curves E/Q with height < x. We show that the lower
N (x)
density dp,N := lim inf x→∞ #E
#E(x) is positive and calculate an explicit lower bound for
dp,N , see [KR21d, Corollary 6.5]. This quantity decreases in p and N . Since it is expected
that the µ-invariant vanishes for 100% of elliptic curves, the result indicates that there
is an explicit lower bound for the lower density of elliptic curves with λ ≥ N .
4.2. Statistics for anticyclotomic Iwasawa invariants. Given an imaginary quadratic field K, there are two Zp -extensions Kcyc /K and Kac /K that are Galois over Q.
The anticyclotomic extension Kac is a pro-dihedral extension of Q.
Let E be an elliptic curve over K. There is a dichotomy between two cases of interest,
namely the definite and indefinite cases. In the definite (resp. indefinite) case, the pprimary Selmer group Selp∞ (E/Kac ) is cotorsion (resp. not cotorsion) over the Iwasawa
algebra. Anticyclotomic Iwasawa theory in the definite case closely mirrors classical
Iwasawa theory over the cyclotomic Zp -extension. There is a stark difference in the tools
used to study the indefinite case.
In [HKR21], which is joint with J. Hatley and D. Kundu, the results of [KR21a]
are extended to the anti-cyclotomic setting. We only consider elliptic curves E/Q with
good ordinary reduction at the odd prime p. The Iwasawa invariants µp (E/Kac ) and
λp (E/Kac ) are associated to any triple (E, K, p). We study the following questions in
both definite and indefinite cases:
(1) Given an elliptic curve E/Q and a prime p at which E has good ordinary reduction,
how do the Iwasawa invariants vary as K varies over imaginary quadratic fields
ordered by conductor?
(2) Given a pair (E, K), how do the Iwasawa invariants vary as p varies over all
primes at which E has good ordinary reduction?
(3) Given a pair (K, p), how do the Iwasawa invariants vary as E varies over all
rational elliptic curves with good ordinary reduction at p?
In the indefinite case, we show that there is an explicit relationship between the Iwasawa
invariants of Selp∞ (E/K ac ) to those of a certain modified Selmer group. The results in
this case are proven by exploiting the p-adic Birch and Swinnerton-Dyer formula for the
leading term of the Bertolini-Darmon-Prasanna p-adic L-function, see section 10 of loc.
cit. for more details and references.
4.3. Arithmetic statistics and noncommutative Iwasawa theory. The study of
Iwasawa theory in p-adic Lie extensions (that are not necessarily commutative) was initiated by Harris in [Har79]. Such extensions are ubiquitous and arise naturally, here are
some examples of interest
• F∞ /F is a Zdp -extension of F , where d ≥ 1,
• Let ℓ be a prime number, F∞ be the False-Tate curve extension of F = Q(µp ),
given by
1

F∞ := Q(µp∞ , ℓ p∞ ).
• Let A be an elliptic curve over Q and set F∞ to be the field Q(A[p∞ ]), i.e., the
field generated by the p-primary torsion points of A. When A does not have
complex multiplication, the Galois group Gal(F∞ /Q) can be realized as a finite
index subgroup of GL2 (Zp ).
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In the late 1990’s and early 2000’s, noncommutative Iwasawa theory became an active
area of research, leading to a series of breakthrough results (see [BH97, CH01, Ven02,
OV02, CSS03, Gre03, HV03, OV03, Ven03, CFK+ 05, CFKS10]). The methods of classical
(abelian) Iwasawa theory do not extend in any obvious fashion to the noncommutative
theory and there are several pitfalls if one follows such an approach, see [BH97, section
2] for a discussion.
In [KLR21], which is joint with D. Kundu and A. Lei, we extend some of the results
of [KR21a] to the noncommutative setting. The questions in arithmetic statistics we
study in this setting lead to explicit results, and many examples of interest. The field of
noncommutative Iwasawa theory is terse, the arithmetic statistical approach shows that
precise results can be proven on average. The reader is referred to the introduction of
[KLR21] for a detailed description of our results.
5. Iwasawa theory and Diophantine stability for the Mordell–Weil and
Tate–Shafarevich group
5.1. Rank jumps and growth of Tate–Shafarevich groups in p-cyclic extensions.
We describe the results in [BKR21], which is joint work with L. Beneish and D. Kundu.
We study the stability and growth of the Mordell–Weil group and Tate–Shafarevich group
of an elliptic curve E/Q in various Z/pZ-extensions L/Q. Given an elliptic curve E/Q
and a prime p ≥ 7, heuristics of David-Fearnley-Kisilevsky [DFK04] indicate that there
are only finitely many Z/pZ-extensions L/Q such that rank E(L) > rank E(Q). On the
other hand, the p-rank of the Tate–Shafarevich group is known to become arbitrarily large
in Z/pZ, see [CS10]. We apply ideas from Iwasawa theory to study the stability of the
Mordell–Weil groups and Tate–Shafarevich groups of elliptic curves in cyclic p-extensions.
The main results of this paper are easy to state and are quoted below.
It follows from results of Greenberg that if E/Q is an elliptic curve of Mordell–Weil rank
0 and does not have complex multiplication, then, µp (E/Qcyc ) = 0 and λp (E/Qcyc ) = 0
for 100% of primes p of good ordinary reduction.
Theorem 5.1. Given an elliptic curve E/Q with Mordell–Weil rank 0 and a prime p ≥ 7
with
µp (E/Qcyc ) = λp (E/Qcyc ) = 0,
there are infinitely many Z/pZ-extensions of L/Q in which
λp (E/Lcyc ) = λp (E/Qcyc ).
In particular, in infinitely many cyclic degree p number fields the rank does not grow.
Corollary 5.2. Given an elliptic curve E/Q and a prime p > 7 with
µp (E/Qcyc ) = λp (E/Qcyc ) = 0,
there are infinitely many Z/pZ-extensions L/Q where the Mordell–Weil group is stable,
i.e., E(L) = E(Q).
Theorem 5.3. Let p ≥ 5 be a fixed prime and E/Q be an elliptic curve with good
ordinary reduction at p. Suppose that the following conditions are satisfied:
(1) the image of the residual representation is surjective,
(2) the p-primary Selmer group Selp∞ (E/Q) is trivial,
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(3) µp (E/Qcyc ) = λ(E/Qcyc ) = 0.
Then, there is a set of primes of the form q ≡ 1 (mod p) with density at least (p−1)p2 (p+1)
such that the p-primary Selmer group Selp∞ (E/L) becomes non-trivial in the unique
Z/pZ-extension L contained in Q(µq ).
Theorem 5.4. For a positive proportion of rank 0 elliptic curves defined over Q, there
is at least one Z/pZ-extension over Q disjoint from the cyclotomic Zp -extension, Qcyc /Q,
with trivial p-primary Selmer group upon base-change.
5.2. Diophantine stability. In [Ray21f], the above results are strengthened. In [MRL18],
Mazur and Rubin introduced the notion of diophantine stability for an irreducible variety
V defined over a number field K. The study of this notion has applications to Hilbert’s
10th problem.
Definition 5.5. Let p be a prime number. Given a number field extension L/K, V is
said to be diophantine stable in L if V (L) = V (K). The variety V is diophantine stable
at p if for any choice of n ∈ Z≥1 and finite set of primes Σ of K, V is diophantine stable
in infinitely many Z/pn Z-extensions L/K in which the primes of Σ split.
Inspired by the notion of diophantine stability (for the Mordell-Weil group), we introduce an analogous notion for the p-primary part of the Tate-Shafarevich group.
Definition 5.6. Let p be a prime number and L/Q a cyclic p-extension. We say that
E is X-stable in L/Q if #X(E/L)[p∞ ] = #X(E/Q)[p∞ ]. Further, E is said to be
X-stable at p if for any (n, Σ), there are infinitely many Z/pn Z-extensions in which the
primes of Σ split and in which E is X-stable.
From a statistical point of view, we are interested in the following questions.
Question 5.7.
(1) Given an elliptic curve E/Q , what can be said about proportion
of primes p at which E is diophantine stable and X-stable at p?
(2) Given a prime p, what can be said about proportion of elliptic curves E/Q ordered
by height that are diophantine stable and X-stable at p?
We also study the growth of the Selmer group in various p-cyclic extensions, and
provide answers to the above questions, see [Ray21f, Theorems A-E].
6. Constructing Galois representations with prescribed Iwasawa
invariants
We introduce techniques from deformation theory to study certain questions about the
Iwasawa theory of Galois representations.
6.1. µ-invariants of residually reducible Galois representations. Let E be an
elliptic curve over Q and p an odd prime. A conjecture of Greenberg states that if the
Galois representation on E[p] is irreducible, then the µ-invariant µp (E/Qcyc ) = 0. On
the other hand, Mazur constructed examples when E[p] is reducible as a module over
Gal(Q̄/Q) and µp (E/Qcyc ) > 0. We describe the results in [RS21a], which is joint with
R. Sujatha. We study the µ-invariant for 2-dimensional Galois representations associated
to Hecke eigencuspforms f with good ordinary reduction at p, such that the residual
representation
ρ̄f : Gal(Q̄/Q) → GL2 (F̄p )
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φ1 ∗
is reducible. In this case, the Galois representation ρ̄f is of the form
, where
0 φ2
φi are characters. We classify such Galois representations ρ̄f into two types: residually
aligned and residually skew, see Definition 3.1 in loc. cit. The classification is based on
a very explicit criterion. We show that µp (E) > 0 when the residual representation is
aligned and examples show that µp (E) = 0 when it is skew. Then, in section 4 of loc.
cit. we study invariants that are further refinements of the µ-invariant and prove explicit
results for these invariants. The results are proven for general p-adic Lie extensions and
specialize to the cyclotomic case.
We then come to the main application of deformation theory. Given a residually
reducible representation ρ̄ : Gal(Q̄/Q) → GL(F̄p ) and an integer N > 0, we lift it to a
characteristic zero representation
ρN : Gal(Q̄/Q) → GL(Z̄p )
which arises from a Galois stable lattice in a modular Galois representation, such that
the µ-invariant of the p-primary Selmer group of ρN is ≥ N . This result extends that
of Hamblen and Ramakrishna [HR08], who prove a version of Serre’s conjecture for
residually reducible Galois representations of dimension 2. This result shows that modular
lifts can be constructed so that the associated µ-invariants become arbitrarily large.
When N is large, it can be expected that ρN is ramified at a large set of primes.
We state the main result.
Theorem 6.1. [RS21a, Theorem 1.1] Let N be a non-negative integer, p a prime and
F a finite field of characteristic

 p. Let ρ̄ : Gal(Q̄/Q) → GL2 (F) be a Galois representaφ ∗
tion such that ρ̄ ≃
. Assume that ρ̄ is indecomposable, and φ satisfies some
0 1
additional mild conditions (see the statement of Theorem 1.1 of loc. cit.).
Let k be a positive integer such that k ≡ 2 mod pN (p − 1). Then there is a Galois
representation
ρ : Gal(Q̄/Q) → GL2 (W(F))
which lifts ρ̄ such that:
(i) ρ lifts ρ̄ and arises from a modular form,
(ii) the µ-invariant of the p-primary Selmer group associated to ρ is ≥ N .
The lifting theorem above may be contrasted with a result of Bellaïche and Pollack
[BP19], who study the variation of µ-invariants in a Hida family of tame level 1. On the
other hand, in our construction, we have full control of the weight of the modular form,
however, the level of the lift could be arbitrarily large.
6.2. Constructing Galois representations with large λ-invariant. Greenberg showed
that given a prime p there are elliptic curves E/Q such that µp (E/Qcyc ) + λp (E/Qcyc )
can be arbitrarily large. The result is specific to elliptic curves and relies on arithmetic
geometry techniques. It is of natural interest to generalize such results to Galois representations associated to modular forms of arbitrary weight, however, due to the lack of
arithmetic geometric tools, a new idea is needed. We describe the main result of [Ray21e].
Given an irreducible Galois representation
ρ̄ : Gal(Q̄/Q) → GL2 (F̄p ),
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satisfying further conditions, it is shown that ρ̄ may be lifted to a modular Galois representation such that λ is arbitrarily large when the µ = 0 conjecture is satisfied. The
method relies on suitably extending the approach of Fakhruddin-Khare-Patrikis [FKP19]
to lift the Galois representation ρ̄ to a characteristic zero representation satisfying suitable
local conditions at an auxiliary set of primes at which it is allowed to ramify. Combining this lifting result with results of Greenberg-Vatsal [GV00] in the ordinary case and
Hatley-Lei [HL19a] in the supersingular case, the λ-invariant of the lift is arranged to as
arbitrarily large. In other words, given an integer N > 0, it is shown that there is a lift
of ρ̄ arising from a Hecke eigencuspform fN such that the associated λ-invariant is ≥ N .
The results are illustrated by an infinite family of examples, see Theorem 5.4 of loc. cit.
7. Growth questions in Iwasawa theory
7.1. Rational points on algebraic curves in infinite towers of number fields. Let
(p)
K be a number field and p a prime. For n ≥ 1, denote by Kn the Galois extension of
(p)
K with [Kn : K] = pn which is contained in the infinite cyclotomic extension K(µp∞ ).
(p)
In other words, Kn is the n-th layer in the cyclotomic Zp -tower over K. It was shown
by Kato and Rohlrich that if E is an elliptic curve defined over Q and K is any abelian
(p)
number field, then, rank E(Kn ) is bounded as n → ∞. The study of growth questions
in towers is an active area of research and is intimately related to Iwasawa theoretic
properties of Selmer groups.
Given the interest in studying questions about the growth of ranks of elliptic curves,
it is natural to ask similar questions for curves of higher genus. In this context, the
celebrated theorem of Faltings states that if X/K is an nice curve of genus g > 1, then
(p)

the set of rational points X(Kn ) is finite for all n. A natural question is to characterize
(p)
the growth of #X(Kn ) as n → ∞.
This question is studied in [Ray21h], let us summarize the results.
(p)

• Using results of Mazur and Imai, we show that #X(Kn ) is bounded provided some additional conditions are satisfied (see [Ray21h, Theorem 3.4]). This
(p)
proves (the analog of) the Mordell–conjecture over the infinite extension Kcyc :=
S
(p)
n≥1 Kn .
(p)

• We prove an upper bound for the minimum value m0 = m0 (p) such that X(Kn ) =
(p)
X(Km0 ) for all n > m0 . Using this bound, we prove results about the variation
of m0 (p) as p → ∞. This relies on explicitly understanding the torsion in the
Jacobian of X over the cyclotomic Zp -extension.
• We then consider the case when the Jacobian of X has Mordell–Weil rank zero
(p)
and establish an explicit criterion for X(Kn ) to be equal to X(K) for all n. This
criterion indicates that for 100% of primes p above which the Jacobian of X has
(p)
good ordinary reduction, X(Kcyc ) = X(K), in the rank zero setting.
• We also obtain a generalization of Imai’s theorem for all pro-p extensions. The
result states that if A/K is an abelian variety for the adelic Galois representation
has big image, and the p-torsion subgroup of A(K) is trivial, then the torsion
subgroup of A(K∞ ) is finite, for all infinite pro-p extensions K∞ /K. This result
makes no assumption on the reduction-type of A at the primes above p.
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7.2. Asymptotic growth of Mordell–Weil ranks in non-commutative towers.
We describe the results in [Ray21g]. Let F be a number field, p ≥ 5 a prime and F∞
an infinite Galois extension of F with pro-p Galois group G = Gal(F∞ /F ). The lower
central p-series of G is recursively defined as follows:
G0 := G and Gn+1 := Gpn [Gn , G].
Make the following standard assumptions on F∞
(1) G is uniform and pro-p,
(2) only finitely many primes ramify in F∞ ,
(3) F∞ contains the cyclotomic Zp -extension Fcyc of F .
Gn . For elliptic
The extension F∞ is filtered by a tower of number fields, set F (n) := F∞
curves E/F , we prove asymptotic formulas for the growth of the rank of E(F (n) ) as
n → ∞. Similar results are proven by Delbourgo and Lei [DL17] and Hung and Lim
[HL19b]. The results are proven via a new technique which allows us to significantly
improve upon previous results.
Let Q1 = Q1 (E, F∞ ) (resp. Q2 = Q2 (E, F∞ )) be the set of primes w ∤ p of Fcyc
that are ramified in F∞ , at which E has split multiplicative reduction (resp. E has
good reduction and E(Fcyc,w )[p] ̸= 0). For i = 1, 2, we set qi := #Qi , and let d be the
dimension of G. We have the following bound


rank E(F (n) ) ≤ pn(d−1) λp (E/F ) + pn(d−1) − pn(d−2) (q1 + 2q2 ).

The bounds may be made explicit in the following cases:
• F∞ /F is a Zdp -extension of F , where d ≥ 1,
• Let ℓ be a prime number, F∞ be the False-Tate curve extension of F = Q(µp ),
given by
1

F∞ := Q(µp∞ , ℓ p∞ ).
• Let E be an elliptic curve over Q and F = Q(E[p]). Set F∞ to be the field
Q(E[p∞ ]), i.e., the field generated by the p-primary torsion points of E. In this
case, F (n) = Q(E[pn+1 ]).
8. Iwasawa theory: Miscellaneous results
8.1. µ-invariants of fine Selmer groups. We state the results in [KR21b], which is
joint work with D. Kundu. Let E be an elliptic curve over an imaginary quadratic field
K and p an odd prime. Assume that the associated Galois representation
ρ̄ : Gal(K̄/K) → GL2 (Fp )
is reducible. We formulate explicit conditions for which the µ-invariant of the fine Selmer
group of E over the anticyclotomic extension Kan vanishes (see [KR21b, Definition 2.9,
Theorem 3.2 and Corollary 3.5]). Our results are complicated by the fact that unlike the
cyclotomic extension, there is infinite splitting of primes in the anticyclotomic extension.
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8.2. Iwasawa theory in Zp -extensions. We state the results in [KR21c], which is
joint with D. Kundu. Let L/K be a finite p-extension of number fields. Hachimori and
Matsuno prove that the λ-invariant of Lcyc /L is related to the λ-invariant of Kcyc /K.
We generalize this formula to arbitrary Zp -extensions. In greater detail, let K∞ be any
Zp -extension of K and set L∞ := L · K∞ . Then, we show that λ(E/L∞ ) is equal
to [L∞ : K∞ ]λ(E/K∞ ) plus some locally defined auxiliary terms. We also study the
behaviour of Iwasawa invariants with respect to congruences.
9. Galois representations: Overview
I use techniques from algebraic geometry and Galois cohomology to construct continuous Galois representations ρ : Gal(Q̄/Q) → GLn (Q̄p ) with special properties. These
techniques were developed in the past to study a conjecture of Serre about the existence
of characteristic zero lifts of mod-p Galois representations that arise from modular forms.
Deformation theory also plays a major role in establishing the modularity of a Galois
representation.
The first interesting examples of Galois representations are those associated to elliptic
curves and certain modular forms. Let E be an elliptic curve defined over Q and E[pn ] ⊂
E(Q̄) its pn -torsion subgroup. The p-adic Tate module of an elliptic curve E is the inverse
limit
Tp (E) := lim E[pn ] ≃ Zp ⊕ Zp
←−
n

where the inverse limit is taken w.r.t the multiplication by p maps. The Galois group
Gal(Q̄/Q) acts naturally on the Tp (E), which induces the p-adic Galois representation
∼

ρE,p : Gal(Q̄/Q) → AutQp (Tp (E) ⊗Zp Qp ) −
→ GL2 (Qp ).
With respect to a choice of an embedding Q̄ ,→ Q̄p , there is a p-adic Galois representation
associated to a Hecke eigencuspform f
ρf,p : Gal(Q̄/Q) → GL2 (Q̄p ).
Such Galois representations satisfy certain characteristic features.
Definition 9.1. Fontaine and Mazur [FM95] called an irreducible Galois representation
ρ : Gal(Q̄/Q) → GLn (Q̄p ) geometric if it satisfies the following properties:
(1) it is unramified at all but finitely many primes, i.e the inertia groups at all but
finitely many primes are in the kernel of ρ.
(2) It is odd, namely, det ρ(c) = −1, where c denotes complex-conjugation,
(3) It satisfies an additional local condition at p, namely, it is de–Rham at p.
Geometric Galois representations are expected to arise from the étale cohomology of
varieties defined over the rational numbers. Fontaine and Mazur conjectured that a 2dimensional geometric Galois representations ρ : Gal(Q̄/Q) → GL2 (Q̄p ) is modular, i.e.
is the p-adic Galois representation attached to a Hecke eigencuspform. Most cases of the
Fontaine-Mazur conjecture for GL2/Q have been settled by Taylor [Tay02], Skinner-Wiles
[SW99], Kisin [Kis09], Emerton [Eme06] and others.
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10. Serre’s Conjecture- Refinements and Generalizations
Let p be a prime and ρ̄ : Gal(Q̄/Q) → GL2 (F̄p ) be an irreducible Galois representation. Serre’s conjecture (proved by Khare and Wintenberger [KW09]) states that if ρ̄
satisfies some further natural conditions, then ρ̄ lifts to the p-adic Galois representation
ρf associated to a modular eigenform f
GL2 (Z̄p )
ρf

Gal(Q̄/Q)

ρ̄

GL2 (F̄p ).

(In the above diagram, the vertical map is induced from the reduction map Z̄p → F̄p .)
As, stated, this is the weak form of Serre’s conjecture.
Before Serre’s conjecture was proved, Ramakrishna (cf. [Ram02]) showed that an
irreducible Galois representation ρ̄ : Gal(Q̄/Q) → GL2 (F̄p ) as above lifts to a geometric
Galois representation (cf. Definition 9.1). We draw attention a number of generalizations
of Serre’s conjecture/ Ramakrishna’s theorem.
10.1. Lifting Reducible Galois representations- Generalizations in Higher Dimensions. The condition that ρ̄ is irreducible is essential to the methods of Khare and
Wintenberger. There has been interest in understanding if Serre’s conjecture does hold
if ρ̄ is reducible and indecomposable, i.e when there are characters ψ1 and ψ2 and a
nontrivial extension ∗ so that


ψ1 ∗
ρ̄ ≃
.
0 ψ2
One would like to know if such a representation ρ̄ lifts to an irreducible Galois representation ρf : Gal(Q̄/Q) → GL2 (Z̄p ) which arises from an eigencuspform f .
Reducible representations ρ̄ as above naturally arise from Galois stable quotients in
ray class groups. We explain this through an example of note. Let p be an odd prime,
∼
the mod p cyclotomic character χ̄ induces an isomorphism χ̄ : Gal(Q(µp )/Q) −
→ F×
p . As
Galois module, the mod p class-group C := Cl(Q(µp )) ⊗ Fp decomposes into eigenspaces
C=

p−2
M

C(χ̄i ).

i=0

Each one-dimensional quotient of the Fp -vector space C(χ̄i ) coincides with a reducible
and indecomposable Galois representation
 i

χ̄ ∗
ρ̄ =
.
0 1
Hamblen and Ramakrishna [HR08] show that if ρ̄ : Gal(Q̄/Q) → GL2 (F̄p ) is reducible
and indecomposable, then under further natural conditions, ρ̄ lifts to the Galois representation ρf :→ GL2 (Z̄p ) associated to an eigencuspform f . This settles the weak version of
Serre’s conjecture for such reducible Galois representations ρ̄. This theorem is proved by
showing that there exists a geometric lift ρ : Gal(Q̄/Q) → GL2 (Z̄p ) of ρ̄. By the results
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of Skinner and Wiles [SW99], such a geometric lift arises from a Hecke eigencuspform.
The following is the main result of [Ray21b].
Theorem 10.1. Let p be an odd prime number and ρ̄ : GQ → GSp2n (F̄p ) a reducible Galois representation which satisfies some additional conditions. Then ρ̄ lifts to a geometric
Galois representation ρ (cf. Definition 9.1)
GSp2n (Z̄p )
ρ

Gal(Q̄/Q)

ρ̄

GSp2n (F̄p ).

Geometric lifting results like Theorem 10.1 complement modularity theorems by SkinnerWiles [SW99] for GL2 . The above result has been generalized in recent work of FakhruddinKhare-Patrikis [FKP20].
10.2. Lifting Galois representations
P in then supersingular case. We describe the
main result in [Ray21c]. Let f =
n≥1 an q be a normalized Hecke eigencuspform
and p be a prime. Set GQp to denote the local Galois group Gal(Q̄p /Qp ). The Fourier
coefficients of f are algebraic numbers. Fix an embedding Q̄ ,→ Q̄p , this induces an
inclusion GQp ,→ Gal(Q̄/Q). Let vp be the valuation on Q̄p normalized by vp (p) = 1.
The eigenform f is said to be ordinary at p if ap is a p-adic unit and supersingular at p
if not. Let ρf = ρf,p denote the p-adic Galois representation (which coincides with this
choice of embedding). The two cases can be distinguished as follows, f is p-supersingular
if the restriction ρf ↾Qp is irreducible and p-ordinary otherwise. Suppose that the level of f
is coprime to p. Attached to f is its slope sp (f ) := vp (ap (f )), which is positive if and only
if f is p-supersingular. From the perspective of the p-adic Langlands program, there has
been some interest in classifying local representations ρf |Qp as f ranges over normalized
eigencuspforms with slope in specific intervals (a, b) ⊂ (0, ∞). Such investigations have
been carried out in [BLZ04, BG09, BG13, GG15].
Let ρ̄ : Gal(Q̄/Q) → GL2 (F̄p ) be a Galois representation for which ρ̄↾Qp is irreducible.
If ρ̄ lifts to a p-adic Galois representation ρf , then f must in particular be p-supersingular.
However, f need not be the unique form lifting ρ̄. From the point of view of the p-adic
Langlands program one would like to understand to what extent the local representation
ρf ↾Qp is determined by the residual representation ρ̄ = ρ̄f . Motivated by this, we ask if all
positive rational numbers s ∈ Q>0 can be realized as the p-adic slope s = sp (f ) for some
eigencuspform f of level coprime to p, such that ρf lifts the fixed residual representation
ρ̄. We prove the following result for modular forms of weight 2.
Theorem 10.2. Let ρ̄ : Gal(Q̄/Q) → GL2 (F̄p ) be an odd Galois representation which is
unramified outside a finite set of primes and p ≥ 5 a prime. Assume that the restriction
to the decomposition group ρ̄↾GQp is irreducible and det ρ̄ = χ̄. Let s ∈ Z≥1 . Under some
additional hypotheses, there is a modular eigencuspform fs of weight 2 and level coprime
to p, such that
(1) the p-adic Galois representation ρfs lifts ρ̄,
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(2) sp (fs ) = s.
For an arbitrary choice of s, the normalized eigencuspform fs would conceivably have
a large level and have Fourier coefficients in a large number field extension. The key idea
is that one may modify the local deformation functor of flat deformations of ρ̄↾Qp in such
a way that an analogue of the method of Ramakrishna can still produce geometric lifts
with this additional prescribed local condition.
11. Constructing Galois representations with special properties
11.1. Constructing Galois representations ramified at one prime. A prime p is
regular if p does not divide the class number of Q(µp ). Let M be the maximal pro-p
extension of Q(µp ) which is unramified at all primes ℓ ̸= p. Shafarevich showed that
if p is a regular prime, then, Gal(M/Q(µp )) is a free pro-p group with p+1
2 generators.
Greenberg used this result to show that if p is regular and p ≥ ⌊n/2⌋ + 1, then, there is an
infinite Galois extension K ⊂ M such that Gal(K/Q) injects into GLn (Zp ) and contains
a finite-index subgroup of SLn (Zp ), see [Gre16].
Generalizing such results to irregular primes requires a new approach since there are
nontrivial relations in the presentation of Gal(M/Q) when p is irregular. We construct
such Galois representations for irregular primes p. The approach involves lifing a suitable
residual representation ρ̄ one step at a time to characteristic zero.
Fix a sequence of integers k1 , k2 , . . . , kn and set ρ̄ to denote the mod-p Galois representation which is a direct sum of characters χ̄k1 ⊕ · · · ⊕ χ̄kn . In other words, we have
the residual representation


χ̄k1


χ̄k2



 : Gal(Q̄/Q) → GLn (Fp ).
ρ̄ = 
..

.


χ̄kn
Under suitable conditions on k1 , . . . , kn , the residual representation ρ̄ may be lifted to a
suitable characteristic zero representation ρ : Gal(Q̄/Q) → GLn (Zp ) which is unramified
at all primes ℓ ̸= p.
The index of irregularity is the number of nontrivial eigenspaces of the mod-p class
group of Q(µp ). Given a prime p with a bound on its index of irregularity, we are able to
choose k1 , . . . , kn such that ρ̄ = diag(χ̄k1 , . . . , χ̄kn ) may be suitably lifted to characteristic
zero representation which is unramified away from p. In greater detail, the representation
ρ̄ can be chosen so that the associated global deformation problem is unobstructed, see
[Ray21d, p.5]. It takes more work to construct a lift with big image. The following is the
main result of loc. cit.
Theorem 11.1. Let n > 1, e ≥ 0 and p be a prime number such that
(1) p ≥ 2n+2+2e + 3,
(2) the index of irregularity of p is ≤ e.
There are infinitely many continuous representations ρ : Gal(Q̄/Q) → GLn (Zp ) unrami
fied at all primes ℓ ̸= p, such that the image of ρ contains ker SLn (Zp ) → SLn (Z/p4 ) .
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For a discussion on the expected proportion of primes p for which the index of irregularity is ≤ e, see the introduction in loc. cit. When the above conditions are not satisfied,
it is possible to check that a suitable tuple of integers (k1 , . . . , kn ) exists, see Theorem
3.3. of loc. cit.
11.2. Constructing lifts of reducible Galois representations to Hida families.
Let f be a Hecke eigencuspform and let ρf : Gal(Q̄/Q) → GL2 (Z̄p ) be the associated
p-adic Galois representation. The representation ρf lies in a family of ordinary Galois
representations known as a Hida family. This perspective of interpolating Galois representation in families has important applications, for instance the proof of the Iwasawa
Main conjecture over totally real fields by Wiles relies on the study of such families. There
is considerable interest in understanding describing the algebro-geometric properties of
such families.
When the residual representation ρ̄f is reducible, standard techniques are used to
interpolate f in a family of pseudo-representations. As a consquence, if g is another
modular form in the same family as f , then the residual
ρ̄f and
 representations

 ρ̄g are the

φ1 α
φ1 β
same up to semisimplification. In this case, ρ̄f =
and ρ̄g =
,
0 φ2
0 φ2


where α, β give rise to classes in H 1 Gal(Q̄/Q), F̄p (φ1 φ−1
2 ) . These classes could be
different.
In [Ray21a], we construct Hida families lifting a reducible Galois representation ρ̄, not
up to semisimplification, but the entire representation (thus also capturing the class α).
Thus we construct families such that for every Hecke eigencuspform g in the family, we
have that ρ̄g ≃ ρ̄ on the nose and not up to semi-simplification. In order to achieve this,
we resort to a purely Galois theoretic construction, using ideas in deformation theory and
Galois cohomological techniques. On allowing for additional ramification at an auxiliary
set of primes at which certain deformation conditions are specified, such Hida families
are constructed that are isomorphic to Zp JT K.
11.3. Constructing SL2 (Zp )-extensions of Q(µp∞ ) that are unramified above p.
Let p be a prime number, the tame Fontaine-Mazur conjecture (conjecture 5a in [FM95])
posits that an infinite Galois extension of a number field K whose Galois group over K
is isomorphic to a p-adic analytic group is either ramified at infinitely many primes or is
infinitely ramified at a prime dividing p. It is natural to ask if finitely ramified extensions
over the infinite cyclotomic extension Q(µp∞ ) exist that are unramified at the primes
above p. The answer is affirmative, and this is the main result of [Ray20].
Theorem 11.2. Suppose that p ≥ 5 be a prime and i ̸= p−1
2 an odd integer between
2 ≤ i ≤ p − 3 for which the isotypic space C(χ̄i ) ̸= 0. There are infinitely many Galois
extensions F/Q(µp∞ ) for which
• the Galois group Gal(F/Q(µp∞ )) topologically isomorphic to a subgroup of SL2 (Zp )
which contains the principal congruence subgroup.
• F is unramified at primes above p and ramified above finitely many rational
primes at which it is tamely ramified.
Such Galois extensions exist for a large collection of primes (which is infinite if one
assumes Vandiver’s conjecture).
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12. Arithmetic statistics for Galois deformation rings
We describe the results in [RW21], which is joint with T. Weston. The results are
based on heuristics and computation and are backed by theoretical results.
Given an elliptic curve E defined over the rationals, and a prime number p, denote by E[p] the p-torsion subgroup of E(Q̄). Mazur introduced deformation functors,
parametrizing lifts of the residual representation
ρ̄ : Gal(Q̄/Q) → GL2 (Fp )
on E[p]. These functors are represented by universal deformation rings and their study
gained considerable momentum in [Wil95, TW95, BCDT01], where the modularity of an
elliptic curve E/Q is established. The approach involved showing that a certain deformation ring associated to ρ̄ is in fact isomorphic to a localized Hecke algebra associated to a
space of modular forms. A result of this flavor which establishes an isomorphism between
a deformation ring and a localized Hecke algebra is known as an R = T theorem. Here,
R refers to the deformation ring associated to a residual representation ρ̄ and T is the
associated localized Hecke algebra. The Galois representations which arise from elliptic
curves and modular forms satisfy additional local conditions, and hence, the deformations
functors of interest are subject to a local constraint at p, which is defined using p-adic
Hodge theory. Given the importance of deformation rings in proving modularity results,
it is of natural interest to explicitly characterize Galois deformation rings.
The deformation rings studied in this paper are equipped with a local condition at p.
There is one such ring RE,p associated to each pair (E, p), where E is a rational elliptic
curve and p an odd prime at which E has good reduction. We study the structure
of these rings on average, more precisely, how often they are unobstructed. Since the
determinant is fixed throughout, the geometric deformation ring is smooth if and only of
it is isomorphic to Zp . In this case, there is a unique characteristic-zero lift. We study
the following questions.
(1) For a fixed elliptic curve E, how often is the deformation ring RE,p unobstructed?
(2) For a fixed odd prime p and E varying over all rational elliptic curves with good
reduction at p, how often is the deformation ring RE,p unobstructed?
The answer to the first question follows from well-known results of Flach, Wiles and
others. However, the second question has not been studied previously and the goal of
our work is to provide heuristics backed by theoretical results and explicit computation.
The main results are contained in [RW21, section 5]. The deformation ring RE,p is
unobstructed provided the degree of the modular parametrization X0 (N ) → E is coprime
to p. This condition has been studied in detail by M.Watkins in [Wat02]. Cohen-Lenstra
heuristics indicate that the probability that p divides the modular degree of an elliptic
curve is given by the product

Y
1
1
1
1
1−
1 − i = + 2 − 3 + ....
p
p p
p
i≥1

We refer to the computations in [RW21, section 5.2].
13. Arithmetic geometry results
We describe some results in arithmetic geometry.
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13.1. Perfectoid Spaces. Scholze introduced a certain class of spaces called perfectoid
spaces which have played a crucial role in settling a number of conjectures in arithmetic geometry and led to advances in p-adic Hodge theory and the local Langlands
program. These spaces facilitate for a correspondence between characteristic zero objects
and their positive characteristic analogues. It turns out that in positive characteristic
one is equipped with many more tools which make some arithmetic geometric results
more accessible. Given the paramount importance of perfectoid spaces, it is of interest to
develop some algebro-geometric tools to work with such a class of spaces. The difficulty
in doing this is that these spaces are highly non-Noetherian, as a result conventional
algebro-geometric results do not hold up.
In [DHRW20], which is joint with G. Dorfsman-Hopkins and P. Wear, we characterize
the Picard groups of perfectoid covers of toric varieties. We state the main result.
Theorem 13.1. Let Σ be a fan consisting of strongly convex rational cones and K a
perfectoid field of characteristic zero with residual characteristic p. Let k denote the
residue field. Assume that
(1) Σ is a smooth fan,
(2) the support of Σ is convex (this condition is clearly satisfied when Σ is complete).
Let X perf be the perfectoid cover associated to the smooth toric variety X = XΣ,K (the
toric variety associated to the fan Σ defined over the field K). Let X0 denote the toric
variety XΣ,k . Then
Pic(X perf ) ≃ Pic(X)[p−1 ].
13.2. Statistics for p-rank of Artin-Schreier covers. The study of curves over finite
fields leads to many interesting problems in arithmetic statistics. Recently, statistical
questions have been framed and studied for curves varying in certain naturally occurring
ensembles, see for instance, [Rud08, KR09, Xio10, BDFL11, TX14, CWZ15, BDF+ 16,
BDFL16, San19]. Throughout, p will denote a prime number and q will be a power
of p. The field with q elements is denoted Fq . Given a curve C of positive genus g
over Fq , its arithmetic is better understood by studying the structure of its Jacobian
Jac(C), which is a g-dimensional abelian variety. An important invariant associated to
the curve is the p-rank of Jac(C)(F̄p ), which we denote
by τ . This is the number such
τ
that Jac(C)(F̄p ) ⊗Z (Z/pZ) is isomorphic to Z/pZ .
Given f (x) a rational function with coefficients in F̄p (x). The Artin-Schreier cover
Xf → P1 is defined by the equation y p − y = f (x). Its Galois group is Z/pZ and
generated by the automorphism (x, y) 7→ (x, y + 1).
In [Ray21i], we study the following questions
Thus, the two main questions studied are as follows.
(1) Geometric problem: Given a prime p, what is the statistics for p-ranks of ArtinSchreier covers with fixed genus over Fq , as q → ∞?
(2) Arithmetic problem: Suppose we are given an integer d > 0. Then, what is the
statistics for p-ranks of Artin-Schreier covers over Fp as p → ∞?
The proportions are calculated in terms of certain partitions. For the main results, we
refer the reader to [Ray21i, Theorem 3.7, Theorem 3.12].
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14. Computational Aspect of my work
Many of the questions I study are significantly informed by computation. This section
summarizes the comptational aspect of my research.
14.1. Statistics in Iwasawa theory. Arithmetic statistics in the context of Iwasawa
theory of elliptic curves was initiated in the papers [KR21a, KR21d], see the discussion in
section 4. The results are extended to the anticyclotomic setting [HKR21] and the noncommutative setting [KLR21]. Although many of the results in these papers are proved
unconditionally, there are also aspects that boil down to heuristics. For instance, many
of the results rely on a heuristic of Delaunay on the variation of the Tate-Shafarevich
group. When the elliptic curve in question has positive rank, the p-adic regulator also
plays a role. In the anticyclotomic setting, there is a precise relationship between certain
invariants associated with Heegner points and the Iwasawa invariants we study. The
computation of these invariants requires significant computational dexterity. The reader
is referred to [HKR21, Table 3, section 11]. There are no computer packages that perform such computations. It is difficult to prove theoretical results about the statistical
variation of such invariants, instead in some cases, we must resort to heuristics supported
by computation. Our investigations lead to many potentially interesting computational
projects related to modular curves.
14.2. Statistics for Galois deformation rings. The statistics for Galois deformation
rings come down to the existence of congruences between modular forms, which in turn
is related to degree of the modular parametrization map. There are precise heuristics for
the probability that this degree is divisible by a prime p, and they are based on Cohen
Lenstra heuristics, see the discussion in section 12. However, verifying such heuristics
for large enough primes takes work, and effective computations that count congruences
between modular forms must be performed for a large number of modular forms. To
get good data, we computed congruence primes for the 13,352 isogeny classes of elliptic
curves of conductor at most 4000 to see that the data does roughly match the heuristic,
see [RW21, section 5.2].
14.3. Heuristics for Iwasawa invariants. Although the results in [KR21a] do give
some satisfactory results for the average variation of Iwasawa invariants, there is much
left to be desired. In ongoing work with D. Kundu and L. Washington, we formulate a
heuristic for the precise variation of Iwasawa invariants. The heuristic is based on that
of Poonen-Rains [PR12] and Bhargava-Kane-Lenstra-Poonen-Rains [BKL+ 15], which is
formulated over a number field. In our work, we study the relevant properties that
Selmer groups over the cyclotomic Zp -extension must satisfy and formulate heuristics for
Iwasawa modules satisfying these abstract properties. The predictions are now verified
through extensive computation of Iwasawa invariants and p-adic L-functions. It will
take significant computational skill to see that our the predictions match computational
evidence, since such heuristics are known to have a slow rate of convergence.
14.4. Iwasawa invariants in Zp -extensions. In [KR21c, section 7], we compute examples of elliptic curves E over an imaginary quadratic field K such that the anticyclotomic
λ-invariant λp (E/Kan ) is large. We specialize our computations to p = 5 and K = Q(i)
and consider the elliptic curve E = y 2 = x3 − x. We use the parametrization of Rubin
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and Silverberg of elliptic curves Et that are 5-congruent to E. In the paper, we generalize results of Greenberg and Vatsal to arbitrary Zp -extensions. The difficulty that
arises here is that a prime may be infinitely split in such extensions. We use these results
to construct an elliptic curve Et which is 5-congruent to E such that the λ-invariant is
large. The calculation involves a number of steps. The number field Q(E[5]) is defined
by a polynomial of degree 32. We need explicit information about primes ℓ that split in
this number field. To obtain splitting information, we implement known algorithms to
calculate the modular function Φ5 (X, Y ), see p.23 of loc. cit. for further details. Such
computations are difficult since there are no computer packages that can be used to compute them. We are able to construct an example for which λ5 (Et /Kan ) ≥ 4. It is difficult
to find elliptic curves that satisfy all the conditions we impose since the coefficients of
the elliptic curve in the family of Rubin and Silverberg get large exponentially fast.
14.5. Iwasawa theory and Hilbert’s 10th problem. This is work in progress. I
hope to use Iwasawa theory to construct examples of number fields K such that OK is
diophantine over Z. This would give rise to new instances of Hilbert’s 10-th problem for
number fields. Such results are known for totally real number fields K that are totally
real, and number fields that are abelian. I hope to study Hilbert’s 10th problem for
the various finite layers in an anticyclotomic Zp -extension Kac of an imaginary quadratic
field. This can be achieved using a criterion of Schlapentokh, which states that if L/K is
any extension of number fields, then OL is diophantine over OK if there exists an elliptic
curve E/K such that rank E(L) = rank E(K) > 0. We refer to [GFP20] for a survey of
this circle of ideas. The hope is to construct examples of elliptic curves E/K of positive
(even) rank such that rank E(K ac ) = rank E(K), using ideas in Iwasawa theory.
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